Let X be an n-element set. Assume F is a collection of subsets of X . We call F an r-cover-free family if F0 F1 ∪ · · · ∪ Fr holds for all distinct F0, F1, ..., Fr ∈ F . Given r, denote n(r) the minimal n such that there exits an r-cover-free family on an n-element set with cardinality larger than n. Thirty years ago, Erdős, Frankl and Füredi [7] proved that r+2 2 ≤ n(r) < r 2 + o(r 2 ). They also conjectured limr→∞ n(r)/r 2 = 1 and claimed that n(r) > (1 + o(1)) 5 6 r 2 , without proof. In this paper, it is proved that limr→∞ n(r)/r 2 ≥ (15 + √ 33)/24, which is a quantity in [6/7, 7/8]. In particular, their conjecture is proved to be true for all r-cover-free families with uniform (r + 1)-subsets.
Introduction
Let X be an n-element set. Consider a family F ⊆ 2 X where 2 X denotes the power set of X . We call F an r-cover-free family (r-CFF for short) if no set F ∈ F is contained in the union of r other members of F . We further call this family k-uniform if |F | = k for every F ∈ F . CFF was first introduced and studied by Kautz and Singleton [11] in 1964 with the name superimposed codes. After that, this structure was rediscovered in information theory [5] , [6] , combinatorics [7] and group testing [10] . There are extensive results about bounds and constructions of CFFs.
Given r, we are interested in the extremal condition when the cardinality of the family can be larger than the size of the underlying set. Denote n(r) the minimal n such that there exits an r-CFF on an n-element set satisfying the above condition. We aim to determine n(r) explicitly. This issue is not only an interesting combinatorial problem, but also has important real meaning. We just mention one related object, namely, group testing.
Group testing
The history of combinatorial group testing dates back to World War II when biologists needed to identify people with syphilitic antigen from a large population. Given n items (or blood samples, in the previous example) with at most r of which are positive, instead of testing all items individually, the theory of group testing aims to identify all the positive ones using as few tests as possible. In the group testing framework, a test strategy (or algorithm) can be adaptive or nonadaptive. A nonadaptive algorithm can be represented by an n × m boolean matrix M whose rows are indexed by the tests and whose columns are indexed by the items, in which M (i, j) = 1 if item j is contained in the i-th test and 0 otherwise. The matrix M is often designed to be a disjunct matrix.
We say a matrix is r-disjunct if the boolean sum of any r columns does not contain any other column. One can verify that M is r-disjunct if and only if it is an incident matrix of an r-cover-free family, where by an incidence matrix we mean a matrix A whose rows are indexed by the elements of the underlying set and whose columns are indexed by the members of the family, in which A(x, F ) = 1 if x ∈ F and 0 otherwise. For more details, the readers are referred to [4] and references therein.
The importance of determining n(r) for nonadaptive group testing stems from the following observation. When we are using r-disjunct matrices and there are at most r positive items, if we only employ fewer than n(r) tests, then we can do no better than the naive algorithm which tests every item individually. Therefore, n(r) determines when nonadaptive algorithms based on disjunct matrices become useful.
Preliminaries
In [7] , Erdős, Frankl and Füredi proved that r+2 2 ≤ n(r) < r 2 + o(r 2 ), where the upper bound came from the example of an affine plane of order at least r + 1. They posed the following conjecture.
Then it holds that n > r 2 + o(r 2 ), or even stronger, n ≥ (r + 1) 2 .
In the same paper, it was claimed that n(r) ≥ (1 + o(1)) 5 6 r 2 , but no proof was published yet. Huang and Hwang [9] proved n(r) = (r + 1) 2 for 1 ≤ r ≤ 4, while Chen and Hwang [3] deduced this for r = 5. In this paper, based on a matching theorem of Erdős and Gallai [8] , we show n ≥ 15+ √ 33 24 r 2 , which immediately improves the previous unproved claim. It is worth mentioning that in the thesis of Chee [2] , the author considered this conjecture for (r + 1)-uniform r-CFF. But the problem was not completely settled. We will also verify that Conjecture 1.1 is true for this special case.
Main results
Our main results are presented as follows.
Theorem 1.2. Assume X is an n-element set. If F ⊆ 2 X is an (r + 1)-uniform r-CFF such that |F | > n. Then it holds that n ≥ (r + 1) 2 .
Then it holds that n ≥ 15+ √ 33 24 r 2 .
Proof of Theorem 1.2
We need some definitions first. For any F ∈ F , if there exists a t-element set T ⊆ F such that T F ′ holds for every other F ′ ∈ F , then we say F has an own t-subset T . Denote F t = {F ∈ F : F has at least one own t-subset} and H t = F − F t . In this paper, we pay particular attention to the cases t = 1 and t = 2. Theorem 1.2 is proved as follows.
Proof of Theorem 1.2. Obviously n ≥ r + 1. The proof can be divided into three steps.
Step 1.
Step 2. If F 1 = ∅. Assume F ∈ F 1 and {x} ∈ F is an own 1-subset. Denote F (1) = F − {F }, X (1) = X − {x}. It is easy to see F (1) is an (r + 1)-uniform r-CFF on X (1) with |X (1) | = n − 1 and |F (1) | = |F | − 1.
Step 3. Repeat the procedures in Step 2 for F (1) . On one hand, if we always have F (i) 1 = ∅ as i grows, then we will end up with |F | ≤ |X | − r since each time we delete one element from X and one member from F simultaneously and the remaining family is always (r + 1)-uniform.
On the other hand, if there is some F (i) such that the procedure ends up with F
Then using the arguments in Step 1 we have |X (i) | ≥ (r + 1) 2 , and hence the conclusion follows trivially.
The value (r + 1) 2 on the right side of the inequality is the best possible since the equality holds if r + 1 is a prime power. We will show that an affine plane of order r + 1 provides the desirable parameters.
Definition 2.1. An affine plane is an incidence system (P, L) such that • (AP1) For any two distinct points P 1 , P 2 ∈ X , there is exactly one line l ∈ L through both points.
• (AP2) Given any line l ∈ L and any point P ∈ X not on l, there is exactly one line l ′ ∈ L through P that does not meet l.
• (AP3) There exist four points such that no three are collinear.
The readers are referred to [1] for a detailed introduction. In an affine plane, any two lines have the same number of points, finite or infinite. The order of an affine plane is the number of points on any given line of the plane. If (P, L) is an affine plane of finite order r + 1, then it is proved that P has exactly (r + 1) 2 points and L has exactly (r + 1) 2 + (r + 1) lines. One can verify any two lines can meet at most one point by (AP1). This fact implies that L is actually an (r + 1)-uniform r-CFF over P. Moreover, for every prime power, it is known that there exists an affine plane of this order.
Proof of Theorem 1.3
To prove the theorem, we will apply induction on r. The following lemma is of particular importance (see, Lemma 3.3 of [12] ). Lemma 3.1. ( [12] ) Assume F ⊆ 2 X is an r-cover-free family and denote F = {F 1 , F 2 , ..., F m }. Let F i (1 ≤ i ≤ m) be an arbitrary member of F . Then
Suppose K is a k-element set, we use K t to denote the collection of all t-subsets of K, where 1 ≤ t ≤ k is a positive integer. Consider the graph matching number defined as m(k, t, d) = max{|N | : N ⊆ K t , |K| = k, N does not contain d + 1 pairwise disjoint members}. In 1959, Erdős and Gallai [8] proved the following lemma (see, Theorem 4.1 of [8] ). 
, the collection of own 2-subsets of F . We have the following lemma. Lemma 3.3. Assume F ⊆ 2 X is an r-cover-free family and F 1 = ∅. Then for F ∈ F with |F | = r+s and 1 ≤ s ≤ r−1, it holds that |N (2)| ≤ m(r+s, 2, s−1) ≤ max{ 2s−1 2 , r+s 2 − r+1 2 }. Proof. By Lemma 3.2, it suffices to show N (2) does not contain s pairwise disjoint members. If otherwise, the left r − s elements of F can be covered by the union of some r − s members of F since F has no own 1-subsets, which violates the r-cover-free property.
For s ≥ 1, by direct computation one can verify the following
Theorem 1.3 is proved as follows.
Proof of Theorem 1.3. It suffices to consider the case F 1 = ∅. Otherwise if F 1 = ∅, then there exists some F ∈ F 1 with an own 1-subset {x} ⊆ F . Denote F (1) = F − {F }, X (1) = X − {x} and define F (i) as we have done in Theorem 1.2. If F (i) 1 = ∅ as i grows, then we will end up with |F | ≤ |X | since each time we delete one element from X and one member from F simultaneously. If F (i) 1 = ∅ for some i, then the conclusion holds if only it is true under the assumption F 1 = ∅. Now, let us assume F 1 = ∅, which implies |F | ≥ r + 1 for every F ∈ F . To prove the theorem, we apply induction on r. When r = 1, we have F F ′ for any distinct F, F ′ ∈ F , then F is a Sperner family and hence we get n(1) = 4 by Sperner's theorem [13] . Assume the statement is true for r − 1. Suppose A ∈ F such that |A| = max{|F | : F ∈ F }. Denote a = (15 + √ 33)/24 for the sake of simplicity. Then our goal is to prove n(r) ≥ ar 2 . We have the following two cases: ≥ (r 2 + 2rs − 3s 2 )/2 ≥ (3a − 1)(2 − 2a)r 2 = ar 2 /2. Note that the last inequality holds in both cases since a < 1. To sum up, we have shown that every F ∈ F has at least ar 2 /2 own 2-subsets. By an elementary counting argument, it holds that n 2 ≥ |F |ar 2 /2 ≥ (n + 1)ar 2 /2. Thus n ≥ ar 2 follows immediately.
Through an analog argument, we have the following corollary.
Corollary 3.4. Assume X is an n-element set. If F ⊆ 2 X is an r-CFF such that |F | > n. And moreover, if for every F ∈ F , there is |F | ≤ ⌊ 5r 3 ⌋. Then it holds that n > r 2 + r + 1. Proof. Again, it suffices to consider the case F 1 = ∅, implying F = H 1 and |F | ≥ r + 1 for every F ∈ F . As in the proof of the previous theorem, by (1) we have |S(2)| ≥ r+1 2 for every F ∈ F , then the conclusion follows from n 2 ≥ |F | r+1 2 ≥ (n + 1) r+1 2 .
Concluding remarks
In this paper, we consider a conjecture of Erdős, Frankl and Füredi on cover-free families. By investigating the property of own 1-subsets and own 2-subsets, we verified and improved the old statement of Erdős, Frankl and Füredi in [7] . One can see if we want to prove the conjecture in full generality, new ideas must be incorporated. The following may provide a possible approach.
Conjecture 4.1. Assume X is an n-element set. If F ⊆ 2 X is an r-CFF such that |F | > n. Then there exists an r-CFF G ⊆ 2 X such that |G | ≥ n + r + 1.
It is easy to see the equality holds by the example of an affine plane of order r + 1. Prove or disprove this conjecture is an interesting problem, and it may inspire the proof of the original one, since it is not difficult to see n 2 ≥ (n + r + 1) r+1 2 implies that n ≥ (r + 1) 2 .
